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Let f :R→ R be an additive function. We consider the following statement: if f can by
covered by κ-many continuous functions from R to R then it can be also covered by κ lines. We
show that this statement is true for κ < add(M), but it can be false for some κ < c.
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Let us establish some of terminology to be used. By R and Q we denote the sets of all reals and rationals, respectively.
Let, moreover, Q∗ = Q \ {0}. For A ⊂ R and x ∈ R, deﬁne A + x = {a + x: a ∈ A} and xA = {xa: a ∈ A}. Ordinal numbers
will be identiﬁed with the set of their predecessors and cardinal numbers with the initial ordinals. The symbol |A| stands
for the cardinality of a set A. The cardinality of R is denoted by c. We will use two cardinal numbers connected with the
ideal M of meager subsets of R: the additivity of M, add(M) = min{|D|: D ⊂ M & ⋃D /∈ M}; and the covering of M,
cov(M) = min{|D|: D ⊂ M & ⋃D =R}. For f , g :R→R, [ f = g] denotes the set of all x ∈R with f (x) = g(x).
We will consider R as a linear space over the ﬁeld Q. For A ⊂ R, LIN(A) denotes the linear subspace of R generated
by A. Any basis of R over Q will be referred as a Hamel basis. Recall that every function deﬁned on a Hamel basis has the
unique extension to additive function deﬁned on whole R. (See e.g. [6] for more details.)
A function f :R→R is:
• additive ( f ∈ Add) if f (x+ y) = f (x) + f (y) for all x, y ∈R;
• κ-continuous ( f ∈ Cκ ), if there is a decomposition 〈Aα〉α<κ of R such that f Aα is continuous for every α < κ ;
• strongly κ-continuous ( f ∈ SCκ ), if there is a sequence 〈 fα〉α<κ of continuous functions from R to R such that f ⊂⋃
α<κ fα ;
• linear if there are a,b ∈R such that f (x) = ax+ b for x ∈R (then a will be called the direction of f );
• κ-linear ( f ∈ Lκ ), if there is a sequence 〈 fα〉α<κ of linear functions such that f ⊂⋃α<κ fα .
We say that f is countably continuous (strongly countably continuous) if it is ω-continuous (strongly ω-continuous). Those
properties have been investigated recently by Grande and Fatz-Grupka [4], Horbaczewska [5] and Natkaniec [9]. The aim of
this note is to show that the cardinal ω in [9] can be replaced by any inﬁnite cardinal less than add(M), but generally, it
cannot by replaced by any inﬁnite cardinal less than c.
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Lemma 1. Suppose ϕ :R→ R is continuous, H ⊂ R is non-meager and f ∈ Add ∩ Cκ is such that f (x) = ϕ(x) for x ∈ H. If κ <
add(M), then f is linear on some non-meager set B ⊂ H.
Proof. Let R=⋃α<κ Aα and fα = f Aα be continuous for α < κ . Let {In: n < ω} be a sequence of all open intervals with
rational end-points. For each h ∈ H the set H − h is non-meager and since κ < add(M), there exist αh < κ and mh < ω for
which the set (H − h) ∩ Anh is nowhere meager in Imh . Again, since κ < add(M), there are α0 < κ and m0 < ω for which
the set H0 of all h ∈ H with 〈αh,mh〉 = 〈α0,m0〉 is non-meager and consequently nowhere meager in some interval (a,b).
Fix x ∈ Im0 ∩ Aα0 and y, y′ ∈ (a,b)∩ H0. Then there exist sequences 〈xn〉n in H ∩ (Aα0 + y) and 〈x′n〉n in H ∩ (Aα0 + y′) such
that x = limn(xn − y) = limn(x′n − y′). Since fα0 is continuous at x, limn fα0(xn − y) = limn fα0(x′n − y′). On the other hand,
fα0(xn − y) = f (xn − y) = f (xn) − f (y) = ϕ(xn) − ϕ(y) →n ϕ(x + y) − ϕ(y). Similarly, fα0(x′n − y′) →n ϕ(x + y′) − ϕ(y′).
Therefore for every x ∈ Im0 ∩ Aα0 and all y, y′ ∈ (a,b) ∩ H0 we have the equality
ϕ(x+ y) − ϕ(y) = ϕ(x+ y′)− ϕ(y′). (1)
Since Aα0 is dense in Im0 , H0 is dense in (a,b) and ϕ is continuous, Eq. (1) holds for all x ∈ Im0 and y, y′ ∈ (a,b).
Fix non-empty open intervals I ⊂ Im0 and J ⊂ (a,b) such that I , J and I + J are pairwise disjoint. Now, let ψ :R→ R
be a continuous function such that ψ(x) = ϕ(x) for x ∈ J ∪ (I + J ) and ψ(x) = ϕ(x+ y)−ϕ(y) for x ∈ I , where y ∈ J . (Note
that this deﬁnition does not depend on y.) Then for all x ∈ I and y ∈ J we have the equality ψ(x+ y) = ψ(x) + ψ(y). This
implies that there exist g ∈ Add and c ∈ R such that ϕ(y) = ψ(y) = g(y) + c for y ∈ J . (See [6, Theorem XIII.6.1].) Since ϕ
is continuous, g is continuous on J , hence there is a ∈R such that g(y) = ay for y ∈R, and consequently, ϕ is linear on J .
This implies that f is linear on a non-meager set B = H0 ∩ J . 
Lemma 2. Suppose f ∈ Add ∩ Cκ , κ < add(M), H1 and H2 are disjoint sets such that H1 is non-meager and |H2|  add(M). If
ϕ1 = f H1 and ϕ2 = f H2 are linear then they have the same direction.
Proof. Let ϕi(x) = aix + bi for x ∈ Hi , i = 1,2. Let {In: n < ω} be a sequence of all open intervals with rational end-
points. Let R =⋃α<κ Aα and fα = f Aα be continuous for all α < κ . For every h ∈ H2 there exist αh < κ and mh < ω
such that the set (H1 + h) ∩ Aαh is nowhere meager in Imh . Since κ · ω < add(M)  |H2|, there exist α0, m0 for which
the set H0 = {h ∈ H2: 〈αh,mh〉 = 〈α0,m0〉} is inﬁnite. Fix x ∈ Im0 ∩ Aα0 and h,h′ ∈ H0 with h = h′ . Then there exist two
sequences 〈xn〉n , 〈yn〉n in H1 such that xn + h, yn + h′ ∈ Aα0 and limn(xn + h) = x = limn(yn + h′). Since fα0 is continuous,
limn fα0(xn + h) = limn fα0 (yn + h′). On the other hand, limn fα0(xn + h) = a1(x− h)+ b1 + a2h + b2 and limn fα0 (yn + h′) =
a1(x− h′) + b1 + a2h′ + b2. Thus a1(x− h) + a2h = a1(x− h′) + a2h′ and consequently, a1 = a2. 
Lemma 3. Suppose κ  ω. Let H be a Hamel basis in R and let f ∈ Add. If there exists a family 〈 fα〉α<κ of linear functions which
covers f H and all fα have the same direction, then f ∈ Lκ .
Proof. Let fα : x → ax + bα for α < κ . For any α deﬁne Hα = [ f = fα] ∩ H \ ⋃β<α Hβ . Then H =
⋃
α<κ Hα and Hα
are pairwise disjoint. Let T = ⋃n<ω(Q∗)n . Notice that R =
⋃
〈q0,...,qn−1〉∈T
∑
i<n qi H ∪ {0}. Fix 〈q0, . . . ,qn−1〉 ∈ T . Then∑
i<n qi H =
∑
i<n
⋃
α<κ Hα =
⋃
s∈κn
∑
i<n qi Hs(i) . It is enough to observe that for any s ∈ κn , f is linear on the set∑
i<n qi Hs(i) . In fact, if x ∈
∑
i<n qi Hs(i) then x =
∑
i<n qihi , where hi ∈ Hs(i) , hence f (x) = ax+d, where d =
∑
i<n qibs(i) . 
Theorem 4. If κ < add(M) then every additive strongly κ-continuous function is κ-linear.
Proof. Assume that f ∈ Add and 〈 fα〉α<κ is a sequence of continuous functions, fα :R→ R, such that f ⊂⋃α<κ fα . For
every α < κ set Aα = [ f = fα]. Let Ω be the set of all α < κ for which the set Aα is non-meager. Notice that A =⋃α/∈Ω Aα
is meager. Since Aα is non-meager for α ∈ Ω , Lemma 1 yields that fα is linear on some non-meager subset of Aα . By
Lemma 2, all fα for α ∈ Ω have the same direction. Now, the set B =⋃α∈Ω Aα is residual, so the Piccard Theorem implies
easily that B includes a Hamel basis H . ([6, Theorem II.9.1], see also Theorems IX.3.2 and IX.3.6 in [6].) By Lemma 3, this
shows that f ∈ Lκ . 
From the proof of Theorem 4 we can deduce easily that if ω κ < add(M) then every additive and κ-linear function f
can be covered by κ-many linear functions with the same direction. Actually the same fact holds for every cardinal κ .
Theorem 5. Suppose f ∈ Add can be covered by κ lines. Then it can be covered by κ lines with the same direction.
Proof. First, observe that if f ∈ Add can be covered by κ < ω lines, then it is continuous [9, Theorem 5], hence it is linear,
and the proof is ﬁnished. Moreover, it is clear that the theorem is true for κ  c. Thus we will assume that ω  κ < c. Let
f ∈ Add, f ⊂⋃α<κ 	α , where 	α(x) = aαx+ bα . Then there is α0 < κ with | f ∩ 	α0 | > κ . Set 	 = 	α0 , a = aα0 , and b = bα0 .
Suppose f cannot be covered by κ lines with the direction a.
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(1) 〈xα, f (xα)〉 ∈ f \ 	 for α < κ+;
(2) f (xβ − xα) = a(xβ − xα) whenever α = β .
Assume α < κ+ and xβ are chosen for β < α. Suppose that for each x ∈ dom( f \ 	) \ {xβ : β < α} there is β < α
with f (xβ − x) = a(xβ − x). Then f (x) = ax + f (xβ) − axβ , so f \ (	 ∪ f {xβ : β < α}) can be covered by α lines with the
direction a, and therefore f can be covered by κ lines with the direction a, contrary to the assumption. Thus there is
x ∈ dom( f \ 	) \ {xβ : β < α} such that f (xβ − x) = a(xβ − x) for all β < α. Set xα = x.
For each α < κ+ deﬁne 	′α = 〈xα, f (xα)〉 + 	.
Claim. The lines 	′α , α < κ+ , are pairwise disjoint.
In fact, assume 	′α ∩	′β = ∅. There are x, x′ ∈R with 〈xα, f (xα)〉+〈x, 	(x)〉 = 〈xβ, f (xβ)〉+〈x′, 	(x′)〉. Then xα + x = xβ + x′ ,
so xα − xβ = x′ − x, and f (xα) + ax+ b = f (xβ) + ax′ + b, hence f (xα) − f (xβ) = a(x′ − x) = a(xα − xβ). By (2), α = β .
Additionally, | f ∩ 	′α |  | f ∩ 	| > κ . Indeed, we have xα + dom( f ∩ 	) ⊂ dom( f ∩ 	′α). But for each α < κ and β < κ+
either 	α = 	′β , or |	α ∩	′β | 1, hence there is β < κ+ with 	′β = 	α for each α. Then 	′β ∩ f ⊂ 	′β ∩
⋃
α<κ 	α , so |	′β ∩ f | κ ,
a contradiction. 
Corollary 6. Suppose κ < c. If f ∈ Add can be covered by κ lines passing through the point 〈0,0〉, then f is continuous.
Proof. Let f ⊂⋃α<κ 	α , where 	α(x) = aαx. By Theorem 5, f can be covered by κ-many lines 	′β with the same direction a.
Claim. 	α0 = 	β0 for some α0, β0 < κ .
In fact, otherwise |	α ∩	′β | 1 for all α,β < κ , thus |
⋃
α<κ 	α ∩
⋃
β<κ 	
′
β | κ ·κ < c, contrary to f ⊂
⋃
α<κ 	α ∩
⋃
β<κ 	
′
β .
Note that aα0 = a.
Claim. | f ∩ 	α0 | > κ .
Suppose that | f ∩	α0 | κ . Fix any β < κ and 〈x0, f (x0)〉, and observe that for every x ∈R, 〈x, f (x)〉 ∈ 	′β iff 〈x−x0, f (x−
x0)〉 ∈ 	α0 . Hence | f ∩ 	′β | κ , and consequently, | f | |
⋃
β<κ( f ∩ 	′β)| κ · κ < c, a contradiction.
Claim. If f ∩ 	′β = ∅ then | f ∩ 	′β | > κ .
Indeed, ﬁx 〈x0, f (x0)〉 ∈ 	′β . Then 〈x0 + y, f (x0 + y)〉 ∈ 〈x0, f (x0)〉 + 	α0 for each 〈y, f (y)〉 ∈ 	α0 , and moreover, 〈x0 + y,
f (x0 + y)〉 = 〈x0 + y′, f (x0 + y′)〉 whenever y = y′ . Hence | f ∩ 	′β | | f ∩ 	α0 | > κ .
Claim. f = 	α0 .
Suppose there is x ∈ R with f (x) = 	α0(x). Then 〈x, f (x)〉 + 	α0 = 	′β for some β < κ . But |	′β ∩ 	α | = 1 for any α < κ ,
thus |	′β ∩ f | |	′β ∩
⋃
α<κ 	α | κ , a contradiction. 
2. Let P(κ) denote the following statement:
P(κ): there exists a Hamel basis H of R which is the union of κ compact sets.
Note that P(κ) is false for κ ω, because no Hamel basis is an Fσ set [10], and clearly, P(κ) is true for κ  c. Moreover, it
is consistent with ZFC that P(κ) holds for some κ < c. Indeed, P(ω1) is a consequence of the Covering Property Axiom CPA,
so it holds e.g. in the iterated perfect set model in which c = ω2. ([2], see also [3].)
Lemma 7. If H =⋃α<κ Hα is a Hamel basis witnessing P(κ) then the set R \ {0} can be written as the union of κ-many compact
nowhere dense sets of the form
∑
i<n qi Hαi , where qi ∈Q∗ and αi < κ .
Proof. Note that all Hα are nowhere dense, because every Hamel basis has empty interior. Let T = ⋃n<ω(Q∗)n . Then
R = ⋃〈q0,...,qn−1〉∈T
∑
i<n qi H ∪ {0}. Fix 〈q0, . . . ,qn−1〉 ∈ T . Then
∑
i<n qi H =
∑
i<n
⋃
α<κ Hα =
⋃
s∈κn
∑
i<n qi Hs(i) and the
sets
∑
i<n qi Hs(i) are compact. We will verify that E =
∑
i<n qi Hs(i) is nowhere dense. Fix h ∈ H \
⋃
i<n Hs(i) . Then Q
∗h is
dense and disjoint with E , so E has empty interior. 
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Lemma 9. Assume κ is an inﬁnite cardinal less than c and H is a Hamel basis witnessing P(κ). If f ∈ Add and f H can be covered by
λ-many continuous functions from R to R then f ∈ SCκ+λ .
Proof. We may assume that κ  λ. Let H =⋃α<κ Hα , where Hα are compact. Let { fα: α < κ} be a sequence of contin-
uous functions from R to R with f H ⊂ ⋃α<κ fα . Let S = {sα: α < κ} be a family of all ﬁnite sequences of the form〈qi,αi, βi〉i<n , where qi ∈Q∗ , αi < κ , and βi < λ. For α < κ and sα = 〈qi,αi, βi〉i<n put Fα =∑i<n qi Hαi . Obviously, all Fα
are compact and moreover, each x ∈ Fα has the unique representation in the form x =∑i<n qihi , where hi ∈ Hαi for i < n.
Hence we can deﬁne a function gα : Fα → R by the condition gα(x) =∑i<n qi fβi (hi) whenever x =
∑
i<n qihi and hi ∈ Hαi
for i < n.
We will verify that gα are continuous. Indeed, suppose that x ∈ Fα , 〈xk〉k ⊂ Fα and limk→∞ xk = x. For each k, xk =∑
i<n qih
k
i , where 〈hki 〉k ⊂ Hαi . Hence Hαi are compact, we can assume that each 〈hki 〉k converges to some hi ∈ Hαi . Then
x = limk xk =∑i<n qihi and limk gα(xk) = limk
∑
i<n qi fβi (h
k
i ) =
∑
i<n qi fβi (hi) = gα(x). Thus gα is continuous and by Tietze
Theorem, it can be extended to continuous function on the whole real line.
Finally, we verify that f ⊂⋃α<κ gα . Fix x =
∑
i<n qihi , where qi ∈ Q∗ and hi ∈ H . For each i < n there are αi, βi < κ
such that hi ∈ Hαi and f (hi) = gβi (hi). Then f (x) = gα(x), where α is such that sα = 〈qi,αi, βi〉i<n . 
Theorem 10. Assume κ < c. Then P(κ) implies that there exists an additive strongly κ-continuous function which cannot be covered
by less than c-many lines.
Proof. Let H be a Hamel basis witnessing P(κ) and f be an additive function such that f (x) = x2 for x ∈ H . By Lemma 9,
f ∈ SCκ . On the other hand, f cannot be covered by less than c-many lines, because |( f H) ∩ 	| 2 for any line 	. 
3. Finally, recall that CC \ SCC = ∅. In fact, every increasing left-hand continuous function with a countable dense set of
points of discontinuity is CC but not SCC. (See [4, Example 1], cf. [5].)
Proposition 11. Let f :R→R be an increasing left-hand continuous function with a dense set of points of discontinuity, and let κ be
a cardinal. Then:
(1) If κ < ω then f /∈ Cκ ;
(2) If ω κ < cov(M) then f ∈ Cκ \ SCκ ;
(3) If P(κ) holds then f ∈ SCκ . (In particular, f ∈ SCκ for any κ  c.)
Proof. (1) Suppose f ∈ Ck for some natural number k, so there is a partition of R onto k sets Ai such that f Ai is continuous
for i < k. Since the set D( f ) of discontinuity points of f is dense, there is i0 < k such that D( f ) ∩ Ai0 is dense in some
non-degenerate interval I . But then f Ai0 cannot be continuous at any point x ∈ D( f ) ∩ Ai0 ∩ I , a contradiction.
(2) Because κ  ω and CC ⊂ Cκ , f ∈ Cκ . Suppose there is a sequence 〈 fα〉α<κ , of continuous functions from R to R
which cover f . Then R=⋃α<κ [ f = fα] and since κ < cov(M), [ f = fα] is non-meager for some α. Let I be a non-empty
open interval such that [ f = fα] is nowhere meager on I . Fix x ∈ I ∩ D( f ). Then fα(x−) = f (x−) and fα(x+) = f (x+), so
fα is discontinuous at x, a contradiction.
(3) The statement is clear for κ  c, so we can assume that κ < c. Let H =⋃α<κ Cα , with all Cα being compact. Fix
h0 ∈ C0. Since C0 \ {h0} is an Fσ set, it can be write as the union of countably many compact sets Dn . Note that the
family {Cα: 0 < α < κ} ∪ {Dn: n < ω} ∪ {{h0}} is a cover of H by κ-many compact sets. List all those sets in the sequence
{Hα: α < κ} with H0 = {h0}. Let {Fα: α < κ} be a sequence of all sets of the form q0h0 + q1Hα1 + · · · + qnHαn , where
qi ∈Q∗ and 0< αi < κ for i = 1,2, . . . ,n. Note that R=Qh0 ∪⋃α<κ Fα .
First assume that D( f ) ⊂Qh0. Then for each α < κ the set Fα is compact and the function f Fα is continuous, so it can
be extended to a continuous function fα :R→ R. Moreover, for each q ∈Q we can choose a continuous function gq such
that gq(qh0) = f (qh0). Then { fα: α < κ} ∪ {gq: q ∈Q} is a family of κ-many continuous functions which covers f .
In a general case, let ϕ :R → R be an increasing homeomorphism such that D( f ) ⊂ ϕ(Qh0). Set fˆ = f ◦ ϕ . Then
D( fˆ ) ⊂ Qh0, so there is a family { fˆα :R→ R, α < κ} of continuous functions which covers fˆ . Then f ⊂⋃α<κ fα , where
fα = fˆα ◦ ϕ−1 are continuous on R. 
Let d denote the minimal cardinality of a dominating family for ωω , i.e., such a family A that for any f :ω → ω there is
g ∈ A satisfying the inequality f (n) g(n) for each n ∈ ω. It is well known that (c = ω2) + (d = ω1) is consistent with ZFC.
(See e.g., [8].)
Remark 12. Let f :R→ R be an increasing left-hand continuous function with a dense set of points of discontinuity. If
κ  d then f ∈ SCκ .
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rem 4.3 [1].) For each α, fα is a continuous function deﬁned on a compact set, hence it can be extended onto the whole
real line. 
Finally note one more consequence of Proposition 11. We say that f :R→ R is (strongly) < c-continuous iff it can be
covered by less than c-many continuous functions (from R to R).
Corollary 13. If cov(M) = c then there exists a < c-continuous function which is not strongly < c-continuous.
Irek Recław has remarked recently that this fact cannot be proved in ZFC (oral communication).
Theorem 14. It is consistent with ZFC that every < c-continuous function f :R→R is strongly < c-continuous.
Proof. Assume d = ω1 < c. Let f :R→ R be < c-continuous, i.e., there is d  κ < c and a family {Aα}α<κ such that R =⋃
α<κ Aα and f Aα is continuous for all α < κ . For every α < κ the function f Aα can be extended to a continuous
function f˜α deﬁned on a Gδ set Bα [7], and consequently to a Borel function gα :R → R. As in proof of Remark 12
we observe that there exists a family {gα,β :R → R: β < d} of continuous functions with gα ⊂ ⋃β<d gα,β . Then f =⋃
α<κ( f Aα) ⊂
⋃
α<κ f˜α ⊂
⋃
α<κ gα ⊂
⋃
α<κ,β<d gα,β and d · κ = κ < c, so f is strongly < c-continuous. 
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